We propose a theoretical exploration on phase separation of a binary monolayer of molecules on a uniformly stretched substrate. By extending the previous phase-field model to involve the effect of such a finite pre-stretch, the stability of the monolayer is analyzed, and the temporal evolution of the compositional domains is simulated. Our results indicate that the pre-stretch provides an efficient way to order the phase separation patterns. Therefore, by properly adjusting the principal stretch of the substrate and the composition of the monolayer, the resulting surface pattern may be well tailored.
Introduction
The study on phase separation in alloys has long been an important topic. Annealing a bulk binary alloy, phases will coarsen until only one large particle is left in the matrix. The driving force is the reduction of the total phase boundary energy. However, for a two-phase monolayer on a solid, the situation of the phase separation is very different. For example, when an epilayer of Cu and Pb is deposited on a Cu (1 1 1) surface, ordered patterns of dots or stripes with nanoscale feature size could be self-assembled, depending on the percentage of Pb atoms (Plass et al., 2001 ). The phenomenon is referred to the restraining of the elastic substrate. In an inhomogeneous epilayer, the discontinuity of stress across phase boundary induces a tangential force, giving rise to a fringe elastic field within the surface region of the substrate (Alerhand et al., 1988) . The larger the phase size is, the deeper does the fringe elastic field penetrate. Thus the substrate tends to refine the phases so as to reduce the elastic strain energy. It is the competition between the two mechanisms of coarsening and refining that finally determines the equilibrium phase size.
The intriguing phase separation of a monolayer on a solid surface provides a promising way of fabricating superlattices of nanoscale dots or stripes by self-assembly (Ng and Vanderbilt, 1995; Pearsall and Stringfellow, 1997; Zunger, 1998; Plass et al., 2001) . To get better insight into the problem, simulation techniques based on continuous phase-field model have been developed (Suo and Lu, 2000; Lu and Suo, 2001 ). In the meantime, several mechanisms have been explored towards artificial control of the resulting phase separation patterns. These include anisotropic substrate elasticity (Lu and Suo, 2002) , periodic surface strain (Ni and He, 2003; Ni et al., 2004) , nonuniform surface chemistry , multiple constituent phases and external mechanical loading (Lu and Kim, 2005) .
While most of the previous studies have been done on solid substrates, some elastomeric materials like polydimethylsiloxane (PDMS) with functioned surface lend themselves to be suitable templates for monolayer self-assembly. Such materials are soft and highly stretchable, and the points on their surface for adsorbing molecules can be manipulated mechanically (Genzer and Efimenko, 2000) . Moreover, the instantaneous elastic property and material symmetry of the elastomers are changeable by a large deformation. This nature offers a possibility of guiding the self-assembly of the surface molecules. Recently, to fabricate flexible electronics, complex structures have been formed through the buckling of metallic films deposited on stretchable substrates (Bowden et al., 1998; Kiriy et al., 2002; Lacour et al., 2003; Khang et al., 2006; Sun et al., 2006) . In contrast, few studies addressed the surface process for a very thin limit on stretchable substrates, except the tailoring of superhydrophobic surfaces (Genzer and Efimenko, 2000) and the self-assembly of very long fractal nanowires (Aurongzeb, 2006) . This paper provides a theoretical exploration of phase separation of a binary monolayer of molecules attached on the surface of a soft elastic substrate under a unidirectional, uniform and finite pre-stretch. Our objective is to demonstrate the influence of the stretch on the phase separation patterns. For simplicity, the attached molecules are assumed to interact strongly with the substrate, so that they are mobile only in the substrate surface, forming phases of monolayer thickness. By extending the previous phase-field model (Suo and Lu, 2000) to involve the nonlinear contribution of the finite prestretch, the stability of the monolayer is analyzed, and temporal evolution of the compositional patterns is simulated. Numerical results indicate that the uniform pre-stretch fascinates the growth along the tensile direction, leading to the formation of rich patterns of elongated phases. The feature size of the patterns is well tunable by adjusting the percentages of the constituent molecules and the magnitude of the principal stretch.
Deformation of substrate
We consider a semi-infinite elastomeric substrate that is elastically isotropic and incompressible, and possesses a flat surface in the stress-free configuration B 0 . The substrate is first unidirectionally tensioned up to a principal stretch k, attaining a uniformly stretched configuration B 1 . Then, a binary monolayer of molecules is attached onto the surface. During phase separation, the composition of the monolayer is nonuniform, giving rise to nonuniform surface stress. The role of the surface stress gradient is equivalent to a certain distributed tangential force, which results in an additional small deformation of the substrate. The new configuration of the substrate is denoted by B 2 . In this section, we analyze such an additional small deformation superimposed onto the finite pre-stretch, and especially, we will give the related expression of the surface Green function of the substrate for the subsequent use. For this sake, we choose the uniformly stretched configuration B 1 as the reference configuration. A common rectangular coordinate system (x 1 ,x 2 ,x 3 ) is introduced, so that the x 1 À x 2 plane coincides with the substrate surface in B 1 and the x 1 -axis is along the tensile direction (see Fig. 1 ). The position vectors of a material point in the configurations B 0 , B 1 and B 2 are represented, in turn, by X A , x i (X A ) andx i ðX A Þ. The substrate undergoes a concentrated force q i at the point ðx 0 1 ; x 0 2 ; 0Þ on the surface, and the resulting additional small displacement is denoted by u i . Throughout this paper, we adopt the usual summation convention for repeated indices, where a Latin index runs from 1 to 3 while a Greek index takes the values of 1 or 2. A coma stands for differentiation with respect to the suffix coordinate.
Due to the incompressibility of the substrate, we have the relations
The deformation gradient from B 0 to B 1 and from B 0 to B 2 are written as
in which d ij is the Kronecker delta, and an overbar means that the quantity is constant. For simplicity, we assume that the substrate material is neo-Hookean, possessing the strain energy function R = l(I À 3)/2 with I = F kA F kA and l being the shear modulus. In this situation, as suggested by Fu and Rogerson (1994) , the stress in the substrate is best described by v ij ¼ s iA F jA , where s iA = oR/oF iA is the first Piola-Kirchhoff stress (Ogden, 1984) . Following Fu and Rogerson (1994) , the stress v ij satisfies the equilibrium equations in the absence of body force, and the boundary conditions on the substrate surface are specified by
In addition, the incompressibility of the substrate material demands
and the constitutive law is given by
where p denotes the hydrostatic pressure and
Substituting (5) into (2) and then using (1) and (6), we arrive at
The associated boundary conditions can be obtained by inserting (5) into (3):
A remarkable feature of the boundary value problem defined in (4), (7) and (8) is that the displacement and the pre-stretch are coupled with each other. To get the solution, we represent u i and p by the following Fourier integrals:
in which i ¼ ffiffiffiffiffiffiffi À1 p , and U i and P are, respectively, the Fourier transformations of u i and p. Substitution of (9) into (4) and (7) leads to
q . Similarly, the boundary conditions in (8) can be rewritten as
The solution to the ordinary differential equations in (10) is trivial:
where n ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n 2 1 þ n 2 2 q , and d 0 , d 1 and d 2 are functions of n 1 and n 2 which can be determined by substituting (12) into (11) and then solving the resulting algebraic equations. Thus, inserting the first three relations in (12) into (9) and setting x 3 = 0, we can write the surface displacement of the substrate as
where G ij ðx a À x 0 a Þ are the components of the surface Green function of the pre-stretched substrate. The meaning of G ij ðx a À x 0 a Þ is the x i -component of the surface displacement at (x a ,0) induced by a unity force applied at (x 0 a ,0) along the x j -direction. For brevity, only the following components of G ij ðx a À x 0 a Þ are listed here for our later use: 
By using these results, it can be readily shown that
Evolution of composition
We now turn to consider phase separation of the binary monolayer consisting of molecules A and B. The concentration of A and B, defined as the numbers per unit surface area in the configuration B 1 , are denoted by c and 1 À c, respectively. The molecules interact strongly with the substrate, so that they are mobile only in the substrate surface. We suppose that the concentration c is a continuous function of the surface coordinates x a and time t, i.e. c = c(x a :t). Our goal is to formulate the evolution equations of the concentration fields in the framework of phenomenological phase-field dynamics.
For convenience, the monolayer and the surfacial region of the substrate are lumped into a surface without thickness. The total free energy G of the system comprises the bulk elastic energy of the substrate and the surface energy:
where V stands for the volume and S the surface area of the substrate, and C is the surface energy density. From (1) it is known that the variation of the strain energy function R is dR = s iA dF iA = v ij du i ,j. As the monolayer is attached onto the substrate after the pre-stretch, we can follow Suo and Lu (2000) to express C in the form of C = C(c,c, a ,e ab ), in which e ab are the in-plane components of the additional strain defined by e ab = (u a,b + u b,a )/2. The effect of the finite pre-stretch on C is omitted (Gay, 2000) , and the surface is assumed isotropic. Expanding C into the leading-order terms of c, a and e ab provides C ¼ g þ hc; a c; a þ f e aa ; ð17Þ where g, h and f in general are functions of c. Note that the leading terms of c, a appear in quadratic form because from the symmetry view the linear terms contribute nothing to the surface energy. As explained by Suo and Lu (2000) , the first term on the right-hand side in (17) is the chemical energy and can be chosen as that for a regular solution:
in which l A and l B are, respectively, molar Gibbs free energies of component A and B, K is atom number per area, k B is the Boltzmann constant, and T is absolute temperature. The second term corresponds to phase boundary energy, and the coefficient h is assumed as a positive constant. The last term represents the work done by the surface stress f which, to the firstorder approximation, is written as f = f 0 + f 1 c with f 0 and f 1 being constants (Ibach, 1997) . It can be shown that the expression of g in (18) has double wells when X > 2, thereby ensuring the occurrence of phase separation. Therefore, the variation of C reads dC ¼ ½l B À l A þ Kk B TRðcÞ þ f 1 u a;a dc þ 2hc; a dc; a þ f du a;a ; ð19Þ in which
Having the above results, we are able to derive the evolution equation of the composition in the monolayer. The procedure is analogous to that given in Suo and Lu (2000) , and involves the following steps. First, the system is assumed always in mechanical equilibrium, as the characteristic time of elastic deformation is much shorter than that of surface diffusion.
The vanishing condition of the variation of the free energy G associated with displacement gives the condition v ij,j = 0 for elastic equilibrium, along with the boundary conditions
Second, the system is not in chemical equilibrium, and the variation of G associated with mass diffusion defines the deriving force for diffusion, generating a mass flux field on the surface according to a linear law. Finally, the requirement of mass conservation provides the evolution equations for c:
where M = D/Kk B T is the surface mobility, and D is the diffusivity of surface diffusion that is assumed independent of the substrate deformation. The evolution equation in (22) is formally the same as that given in Lu and Suo (2001) , but an important difference is that the surface displacement gradient u a,a in (22) involves the effect of the finite pre-stretch. To determine this term, use can be made of the surface Green function derived in the preceding section. Indeed, since the surface displacement is caused by the force v a3 = f 1 c, a , it is obtained from (13) that
Differentiating both sides of the above equation with respect to x a and then integrating by parts, we obtain that u a ; a ðx m ; 0Þ ¼
Therefore, substituting (15) into (24) followed by interchange of the order of integration yields
where the function Wðx m À x 0 m Þ is defined by
Linear stability analysis
To examine the stability of the monolayer, we assume that the composition in the monolayer experiences a small periodic fluctuation from the homogeneous state:
where c 0 is the average concentration of phase A, e = e(t) is the small magnitude of the fluctuation, and k 1 and k 2 denote the wavenumbers of the fluctuation in the x 1 -and x 2 -directions, respectively. The evolution of this fluctuation is governed by (22) . If e(t) scales with time, the monolayer is compositionally unstable; if e(t) decays with time, the monolayer is compositionally stable. For the fluctuation described in (27), the derivatives of R(c) and c in (22) can be obtained as R; bb ðcÞ ¼ Àek
q . To determine the term u a,a in (22), we need to solve the surface displacement induced by the fluctuation. The governing equations are given in (4) and (7), while the boundary conditions are specified as
The solution of this boundary value problem is of the form of
in which the functions e U i ðx 3 Þ and e Pðx 3 Þ can be obtained in an analogous way as in deriving the surface Green function. Omitting the detail, we give the in-plane components of the surface displacement as
q . As a result, the term u a , a in (22) reads
Substituting (27), (28) and (32) into (22) 
and the other quantitiesk;m; Q andt are defined as follows
Here l 0 = (h/Kk B T) 1/2 is a characteristic length that scales the distance over which the concentration changes from the level of one phase to that of the other, l ¼ 2lh=f 2 1 is another characteristic length that reflects the competition between surface stress and phase boundary, and s = h/DKk B T is the corresponding time scale. At room temperature, the magnitudes of l 0 and l are both on the order of a few Angstroms. From the equation in (33), it is known that the monolayer is stable if H < 0 while unstable if H > 0.
In the absence of the pre-stretch (k = 1), the growth rate is reduced to
The expression in the bracket is always negative if
Thus, when the concentrations are such that the above inequality is satisfied, the monolayer is stable against any compositional fluctuation; otherwise it is unstable. In the latter case, because the growth rate H 0 depends on k 1 and k 2 in the same manner, the most unstable fluctuation mode (corresponding to the fastest growth) has no preferential direction and is isotropic. If the substrate is pre-stretched (k > 1), thenm >k. Under this condition we can show that 2kk 2m ðk þmÞ
and further H > H 0 . This implies that the pre-stretch destabilizes the monolayer. Figs. 2 and 3 illustrate the relationships between the dimensionless growth rate and the wavenumber in two special fluctuation modes (k 1 ,k 2 ) = (k 1 ,0) and (k 1 ,k 2 ) = (0,k 2 ), respectively, where X = 2.2 and Q = 1 are taken. The cases of c 0 = 0.4 and 0.5 are compared, and the results for different values of the principal stretch k are given. It can be observed that, owing to the pre-stretch, the instability of the monolayer can be triggered by fluctuations with wider range of wavenumbers, and the corresponding growth rates also increase. Such a change is small in the mode of (k 1 ,0) but is quite considerable in the mode of (0,k 2 ), meaning that the latter is the preferential growth mode of unstable fluctuations provided that the substrate is pre-stretched in the x 1 -direction. Shown in Fig. 4 are the dependences of the most unstable wavenumbers k m 1 and k m 2 on the principal stretch k for c 0 = 0.4 and 0.5. We see that k m 2 increases almost linearly with increasing k, but k m 1 varies only slightly. Therefore, the pre-stretch leads to that the monolayer prefers to phase-separated into domains that are elongated in the tensile direction, especially when the principal stretch is large.
Numerical simulation
The linear analysis provides the stability criterion and some useful information about the instability mode of the monolayer. In this section, we will perform numerical simulation to get some quantitative insights into the influence of the prestretch on the evolution of compositional patterns during phase separation. For this purpose, we express the concentration field c by the Fourier integral as 
where cðn a : tÞ is the Fourier transformation of c(x a :t) defined by
Substituting (32) into (22) and normalizing the resulting equation according to (35), we arrive at
where R is the Fourier transformation of R(c). This equation can be solved numerically by the semi-implicit Fourier-spectral method with the Euler scheme (Chen and Shen, 1998) :
For simplicity, we assume Q = 1 and X = 2.2. A squared cell of size 256l 0 Â 256l 0 is adopted, where periodic boundary conditions are specified. The real grid size is Dx = 1.0l 0 , and the time step is Dt = 0.4s. The initial concentration is assumed as c(x a :0) = c 0 + f(x a :0), where c 0 is the average concentration of phase A, and f(x a :0) stands for a small random modulation with jfj 6 0.001 due to thermal fluctuation. Fig. 5 are the evolution sequences of the compositional patterns with c 0 = 0.4 for k = 1.0, k = 1.2, 1.5, 1.8, and 2.0. The result for k = 1.0 corresponds to the case that the substrate is not pre-stretched. In accordance with the previous studies (Ng and Vanderbilt, 1995; Lu and Suo, 2001) , our simulation reveals that the monolayer separates into coarsening dots of phase A (white) embedded in the continuous phase of B (black) (Fig. 5a ). For k = 1.2, the situation is similar, except that some larger dots are slightly elongated along the tensile direction (Fig. 5b) . This is because the fastest growing fluctuation wavenumber k m 2 becomes slightly larger than k m 1 (see Fig. 4 ). For the cases of k = 1.5, 1.8 and 2.0, the wavenumber k m 2 increases significantly with k, but, in strong contrast, the wavenumber k m 1 essentially remains unchanged. Consequently, the domains of phase A evolve to rod-like patterns aligned along the tensile direction. The larger the principal stretch k is, the longer and the more slender the rods are (Fig. 5c-e) .
Depicted in
Illustrated in Fig. 6 are the simulated results of compositional evolution in the monolayer with c 0 = 0.5. Again, the cases of k = 1.0, 1.2, 1.5, 1.8 and 2.0 are considered. The processes of fluctuation, phase separation, coarsening and growth are fundamentally analogous to those occurring in the monolayer with c 0 = 0.4, and the role of the pre-stretch in setting the fastest growing fluctuation mode is also similar. However, the detail of the resulting patterns is evidently different, because the phases A and B now possess equal percentages and both tend to be continuous. For k = 1.0, i.e. the substrate is free of stretch, sponge-like composition patterns are formed, which have fixed length scale increasing with time but lack a long-range order (Fig. 6a) . This is in agreement with the previous predictions (Ng and Vanderbilt, 1995; Lu and Suo, 2001 ). For k = 1.2, the compositional domains tend to be aligned along the tensile direction (Fig. 6b) . In the direction normal to the pre-tension (i.e. the x 2 -direction), the domains have feature size of the same order as that for k = 1.0; while in the tensile direction, the domains are continuous. The phenomenon can be interpreted with the help of Figs. 2-4. Though both k
We studied two-dimensional phase separation of a binary monolayer of molecules attached onto the surface of a uniformly stretched elastomer substrate. Indeed, a finite stretch can change the instantaneous elastic property and material anisotropy of the substrate. To highlight the influence of such effects on the self-organization of a binary monolayer, a continuous phase-field model is adopted to analyze the stability and to simulate the temporal evolution of the monolayer composition. Our numerical results reveal that the uniform pre-stretch strongly affects the phase separation patterns, and leads to preferential growth in the tensile direction. Depending on the concentration of the monolayer and the amount of the prestretch, various ordered patterns may be formed, including elongated dots, parallel rod-like domains, and perfectly aligned stripes, etc. The feature sizes of the patterns are determined by the magnitude of the finite pre-stretch. Therefore, we conclude that the phase separation pattern can be well tuned by adjusting the stretch of the substrate in addition to the concentration of the monolayer.
